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1 Introduction

Spectrum of non-BPS branes has tachyon, massless and infinite tower of massive states.
Even though the mass scale of tachyon and the massive states are the same, there are
various arguments that indicate there must be an effective theory for non-BPS branes that
includes only the tachyon and the massless states [1]. The effective theory should have two
parts, i.e.,

Snon—BpPs = Sppr + Swz

where Sppr/Swz should be an extension of DBI/WZ action of BPS branes in which the
tachyon mode of non-BPS brane are included appropriately.

One method for finding these effective actions is the BSF'T. In this formalism the
kinetic term of tachyon appears in the DBI part as [2, 3]

| g1 —2nT? ' Ha :4mxr(3€)2
SpBI /d oe (F(2md/D*TDT) + -++) , F(x) ST r) (1.1)

where dots refer to the gauge field couplings. When tachyon is zero, they are given by the
DBI action. The WZ term in this formalism is given by [2, 3]

Swz = M;;/ C A Stre2m'F (1.2)
X(p+1)
in which the curvature of superconnection is

i iF — (%1%  3'DT
N /DT iF — 32712 )’



and [’ is a normalization constant with dimension 1/v/¢/.
Another method for studying the effective action of non-BPS branes is the S-matrix
method. In this formalism the kinetic term of tachyon appear in the DBI action as [4, 6]

Sppr ~ /dPHJSTr (V(TiTi)\/ur %[T@‘,Tj][Tj,Ti] (1.3)

X \/— det(nay + 2w’ Fyp + 27Ta’DaTi(Q1)iijTj)> ,

where V(T'T?) = ¢=™1"T"/2 and
QY = 167 — [T, T (1.4)

The superscripts i, j = 1,2, i.e., T' = Toy, T?> = Toy and there is no sum over i, j. 1 and
oo are the Pauli matrices. After expanding the square roots one should choose two of the
tachyons to be T2 and the others to be T'!. The trace in above equation must be completely
symmetric between all matrices of the form Fy,, D,T¢, [T, T7] and individual T* of the
potential V(T°T*). The above action is consistent with the momentum expansion of the S-
matrix element of four tachyons, the S-matrix element of one RR and three tachyons [4, 6]
and with the momentum expansion of the S-matrix element of four tachyons and one
gauge field [7]. Around the stable point of the tachyon potential, the above action reduces
to the usual tachyon DBI action [8-11] with potential 74V (72). The WZ part in this
formalism, on the other hand, is given by the same WZ action as in the BSF'T in which

the normalization of tachyon is f = & M for non-BPS branes [4] and § = Ly M

™ (63 K [e%
for brane-anti-brane [5]. In fact the structure of superconnection in the WZ part has been
found first by the S-matrix method in [12].

In this paper, we would like to examine the above actions with the S-matrix element of
one RR, two gauge fields and one tachyon. So in the next section we calculate this S-matrix
element in string theory. In section 3, we find the momentum expansion of the amplitude
and compare it with the various Feynman amplitudes resulting from the couplings in the

above actions and their higher derivative extensions.

2 The four-point amplitude

To calculate a S-matrix element, one needs to choose the picture of the vertex operators
appropriately. The sum of the superghost charge must be -2 for disk level amplitude. On
the other hand, the vertex operators of a non-BPS D-brane carry internal CP matrix [13].
Using the fact that the picture changing operator also carries internal CP matrix o3 [14],
one realizes that a vertex operator carries different internal CP matrices depending on its
superghost charges. It has been speculated in [6] that the S-matrix element of n external
states is independent of the choice of the picture of the external states only when one
includes the internal CP matrix in the vertex operators.

When tachyon is set to zero, the effective field theory of non-BPS branes/brane-
antibrane must reduce to the effective field theory of BPS branes in which there is no



internal CP matrix. This indicates that the massless fields in the effective field theory of
non-BPS branes/brane-antibrane must carry identity internal CP matrix. For example,
the RR field in the effective field theory of brane-antibrane must carry identity matrix
because when tachyon is set to zero the WZ action of brane-antibrane reduces to the WZ
action of two stable BPS branes. This internal CP matrix is contributed to the RR vertex
operator in (0)-picture. In other pictures, the internal CP matrix is different depending
on its superghost picture. It has been shown in [13] that the RR vertex operator of a
non-BPS brane in (0)-picture must carry the internal CP matrix 7. This vertex operator
in (—1)-picture then must carry the internal matrix o307y.

Hence, the S-matrix element of one RR field, two gauge fields and one tachyon in the

world volume of non-BPS branes is given by the following correlation function:

PLECIVERS / deydesdrsdzdz (VO @)V O )V (23)V0(2,2)  (2.1)

non—cyclic

The internal CP factor is Tr (/lo10;1) = 2 for 123 ordering and is Tr (Io1l0y) = 2 for 132
ordering. The internal CP matrix of tachyon in (—2)-picture is the same as the CP matrix
of this operator in (0)-picture which is ;. It is easier to calculate the S-matrix element in

the following picture:

AMTC o NT [ drydasdasdedz (VY (2)V (22)Vy D (@) ViR (2,2) (22)

non—cyclic

The CP factor in this case is Tr (I1o0301) = 2 for 123 ordering and is Tr (Ioalos3o1) = 21
for 132 ordering. According to the speculation in [6], the difference between the above two
S-matrix elements is a factor of ¢ when the internal CP factors are included. So to calculate
the S-matrix element (2.1) in which the vertexes carry the same internal CP matrices as
the effective field theory, we first calculate the amplitude (2.2) and then multiply the result
by 1.

The vertex operators in (2.2) are given as!

Vi (y) = e ?Wett X\ g g
Vil (@) = & <8X i(z) + 2ik-¢¢i(x)> 2k X(@) ) @ T
V}(%]—%l) (2,2) = (P_H(n) Mp)aﬁe—¢(z)/25a(Z)eip-X(z)e—¢(2)/25ﬁ(2)eip.[).x(g) ® o301

where k is the momentum of open string that for tachyon satisfies the on-shell condition
k* = 1/4, and X is the external CP matrix in the U(N) group. We refer the interested
reader to [15] for our conventions on the RR vertex operator.

To calculate the correlators in (2.2), one must use the following standard propagators:

(XH(2) X (w)) = —n""log(z — w),
(W ()" (w)) = =" (2 —w) 7",
(¢(2)p(w)) = —log(z —w), (2.3)

'In string theory side, our conventions set o/ = 2.




Introducing x4 = 2z = x4+ iy and x5 = z = x — iy, the amplitude factorizes to the following
correlators for 123 ordering:

AAATC /dwldacgdxgdx4dac5 (P,H(n)Mp)0‘6£1i£2jx251/4x231/2x;31/2(Il + Iy + I3+ 1y)
XTr (A1 AeA3)Tr (I1og0307) (2.4)
where z;; = z; — x; and
I = <: X (21)e21 X)L X (g )e2k2 X @2) , 2iks X(w3) . oin X(@s) , (i DX(ws)
X <: Solxa) = Sp(xs) >
Iy = <: OX*(y)e2k1 X (1), 2ik2X(z2) . (2iks X(as) , (ip X(xs) , ¢ip.D.X(s) .,

X< Sa(.%'4) : 55(1'5) : 2i/<?2-1/1’l/}j(1'2) >
Iy = <: e2ik1.X(:v1) Ian(xg)B%kQ'X(mQ) :e2ik3.X(x3) : 6z‘p.X(:z:4) : 6ip.D.X(:z:5) >
X< Sa(.%'4) : 55(1'5) : 2i/<?1-1/11/1i(1'1) >
_[4 = <: eQikl.X(azl) : 62ik2.X(J}2) : eQikg.X(zg) . 6i]o.X(m) . 6ip.D.X(a:5) >
X< Sa(.%'4) : 55(1'5) : 2i/<?1-1/1’l/}i(1'1) : 2ik2-¢¢j(1‘2) >

One can perform easily the correlators of X using the corresponding propagator in (2.3).
To find the correlator of 1, we use the following Wick-like rule [16] for the correlation
function involving an arbitrary number of ¥’s and two S’s:

~ 1 (Z _ Z)n/2f5/4
(" (y1) . 0" (yn) Sa(2)58(2))

— F,un...,ulcfl
> T — T = 1 Job

(WM (y2 )1pH (y2))) (DHn#3C ) o 3 = perms

(W (y1) M2 (y2))) (7 (y3) 9 (ya) ) (D42 C )
+perms + - - | (2.5)

where dots mean sum over all possible contractions. In above equation, I'*»~#1 is the
totally antisymmetric combination of the gamma matrices and the Wick-like contraction
is given by

m v _ uu(yl _Z)(y2_2)+(y2_z)(y1 _2)
(" (y1)9" (w2))) = n =) —7)
_ Qv Re[(yl - Z)(yz - 2)]
B AT

where in the second line the fact that ¥y, yo are real has been used. One can use the above

(2.6)

formula to find the correlation function of two S’s and an arbitrary number of currents.
The only subtlety in using the formula (2.5) for currents is that one must not consider the
Wick-like contraction for the two 1’s in one current. Using this, one can easily find the

following standard results when there is no current and when there is one current:

<t Sal4) : Splas) > = aps O} (2.7)
i L -1, .- mi ~—
<i Sal@a) : Splas) s @™ @) > = =5 Melard (00 ag



In the second relation, we have not consider the Wick-like contraction for the two v’s since
both of them belong to one current. When there are two currents, the formula (2.5) gives
the following result:

I = <: So(w4) : Sp(xs) : ™' (21) - Yhpd () > (2.8)

1 . R - o
= —1'%4(.%'141'15.%'241'25)_1{(Fjllmc_l)aﬁ+2M [nml(rjlc—l)aﬁ_nm] (Flzc_l)ag

4 T12T45

= (T C o+ (TCTY) } < xﬁi;5> (nm%”+nm%ﬂﬂzﬁ}

Replacing the above spin correlators into (2.4) and performing the correlators over X, one
finds

AAATCN/ dxldxng3d$4d$5(P,H(n)Mp)aﬁIfliégszg)/ 56431/2 5_31/2
X <$455/4Ca5( nlary +alad) + al(ad)ap + ad(al)as — 4k1mk21—7z/1> (2.9)

where I is given in (2.8), and

I = \9U12 ’4k1 ko ‘-%'13 ‘4k1.k3 ’1‘14.%’15 ‘le.p’x% ’4k2.k3 ‘.%'241‘25 ’2k2'p‘.%'341'35 ‘ng.p’x% ’p.D.p

gl = —ik;( 2 T > —ik§< 43T )
L4112 T51L12 L4113 T51213
a% _ —zk{( L14 + L15 ) —zk§< L43 + 53 >
L4212 L5212 L4223 T52X23
(@§)as = —ikuayy! "(TYC™ ) ap(waamas) !
(@) ap = —ikimzg! (T™C™) gg(z14m15) " (2.10)

One can show that the integrand is invariant under SL(2,R) transformation. Gauge fixing

this symmetry by fixing the position of the open string vertex operators as
271:0, 372:1, r3 — 00,

One finds the following integral:

/d2,2|1 — 2|%2%(z — 2)¢(z + 2)¢ (2.11)
where d = 0,1,2 and a, b, ¢ are given in terms of the Mandelstam variables:
= —(k1 + k3)?, t=—(ki +ks)?, u=—(ky + ks)?

The region of integration is the upper half complex plane. For d = 0,1 the result is given

n [17], ie.,

D(L+d o+ 5L+ 5)0(-1 - =) r(ge)
(

d%|1 — 2%2)°(z — 2)°(z + 2)(20)°20 &
[l 2l = 2+ 2 e) T ey



Extending the result in [17] to d = 2, one finds

Ji+ Jo
T(—9D(=H0(d+2+c+ 2h)

1 b+ec a+c a+b+c 1+c
=-I'(d 'l d ' —d-— T
I r<d+1+b;c>r<1+a;0>r<—1—“+§+c>r<1;0>

Using the above integrals, one can write the amplitude (2.9) as

/d22|1 — 2|%2%(z — 2)¢(2 + 2)&(20)°2% &

where

AATC = Ay 4 Ay + As (2.12)
where
Al ~ —2¢Tr ()\1)\2)\3)£1i£2jk31mk21T1‘ (P,H(H)Mprjlim)(t +s+u-+ 1/2)L3

-/42 ~ 2Tr (>\1)\2)‘3){ |:k‘21£2j (—2]{32.51[/1 + 2k33.£1L2) Tr (P,H(n)MpFlj)
—le.ggkglgliTI‘ (P_H(n)Mprll)Ll — |:1 — 2:|

—L1 (—tghfngI‘ (P—H(n) Mpl“ji) + 2k21k1m§1.§2T1“ (P—H(n) Mpl“lm)) }

Az ~ —=2{Tr ()\1)\2)\3)TI‘ (P,H(n)Mp)Lg —t(kﬁg.gl)(k‘&gg) + (kﬁgfg)(kﬁggl) (S + i)

Hie) kg (u+ 1) + 5606 (4 1) (5+1)]

The extra factor of 7 in As is coming from the extra factor of 45 = 2iy in this amplitude.
The functions L1, Ly, L3 are the following:

T(—u+ (s + D (~)0(~t — 5 — u)
D(—u—t+(~t =5+ (=5 —u+ 3)
*2(t+3+u)flﬂ_r(_u + I (s — DI(—t+ DI(—t — s — u)

D(—u—t+§0(—t =5+ (=5 —u+ 3)
et LU+ D08+ DUt + 0t =5 —u—3)
D(—u—t+P0(~t =5+ (=5 —u+ 3)

Ly = (2)72(t+s+u)71ﬂ_

Ly = (2)

Ls = (2)

From the poles of the gamma functions, one realizes that the scattering amplitude has
tachyon, massless and infinite number of massive poles. To compare the field theory which
has tachyon and massless fields e.g., the WZ action, with the above amplitude, one must
expand the amplitude such that the tachyon and massless poles of the field theory survive
and all other poles disappear in the form of contact terms. In the next section we will find
such expansion.



3 Momentum expansion

Using the momentum conservation along the world volume of brane, ki + ki + kzé +pt =0,
one finds the Mandelstam variables satisfy

s+t+u=—pp' —1/4 (3.1)

In general, it has been argued in [18] that the momentum expansion of a S-matrix element
should be around (k; 4+ k;)? — 0 and/or k;-k; — 0. The case (k; +k;)? — 0 is when there is
massless pole in (k; + kj)?-channel. One can easily observe that the amplitude (2.1) must

have massless pole only in (k; + ko)2-channel, so the momentum expansion must be around
k3.k1 — 0, k3.k2 — 0, (kl +-k2)2 — 0

Using the on-shell relations k? = k3 = 0 and k3 = 1/4, one can rewrite it in terms of the
Mandelstam variables as

s — —1/4, u— —1/4, t—0 (3.2)

The constraint (3.1) then indicates that p;p’ — 1/4 which is possible only for euclidean

brane. This is consistent with the observation made in [4, 19] that the on-shell condition

implies that the S-matrix element can be evaluated only for non-BPS SD-branes [20].
Expansion of the functions Lq, Lo, L3 around the above point is

1 (o]
L = _W?’/?(; > bp(u+s+1/2)"!

n=-—1

+ Z epnmt’((s + 1/4) (u+1/4))" <s+u+1/2>’”>
p,n,m=0

b= (it 3 v

b3 epman(s b L/P(H 4 1) (¢ + 14" (33)

p,n,m=0

Ly = —n°/? <ch(s+t+u+ 1/2)"

n=0
2 mm=0 Cnm[(s +1/4)" (u+ /4™ + (s + 1/4)™ (u + 1/4)"]

+
(t+s+u+1/2)

Y Spnm(sHtFu+1/2)P[(s +u+1/2)"((s + 1/4)(u + 1/4))™]

pvnym:(]

where the coefficients b,, are exactly the coefficients that appear in the momentum expan-
sion of the S-matrix element of one RR, one gauge field and one tachyon vertex operators [4].



Some of the coefficients by, €pn.m, cn, cnm and fp ., m are

1
bo1=1, bo=0, ngw{ by =2¢(3)
1, 19 ,
€2,0,0="€0,1,0=2((3), €100= 5T €1,02= 5™ e1,0,1=¢€0,0,2=06((3)
1, 19 19 , 1,
& = =T (& = —T7 & =e = —T7 (& =€ = —T
00,1=757", 8.00= 5557 008=€201=75T, €110=€011= 55
2 2
v T
co=0, 1=, co=4£(3), c=—, Coo0=1
3 3
2
c1,0=co,1=0, c3,0=1¢o,3=0, C20=C02="7, c12=cg1=—8£(3)
272
f0,1,0=—77 Jo2,0=—f1,1,0=12£(3), fo,0,1=4£(3)
(3.4)

L1 has massless pole in ¢t-channel, Lo has tachyonic pole in s-channel and L3 has tachyonic
pole in (s +t+ u)-channel. These poles must be reproduced in field theory by appropriate
couplings. The string amplitude (2.12) is non-zero for p = n+3, p = n—1 and for p = n+1.
Let us study each case separately.

3.1 p=mn+3 case

This is the simplest case to consider. Only A; in (2.12) is non-zero. The trace in A; is:

32
422

(ilimio-ip—a fJ.
n!

Tr <H(n)Mijlim> = 10" ip—4

We are going to compare string theory S-matrix elements with field theory S-matrix ele-
ments including their coefficients, however, we are not interested in fixing the overall sign
of the amplitudes. Hence, in above and in the rest of equations in this paper, we have
payed no attention to the overall sign of equations. The string amplitude for electric RR
field then becomes

.AAATC =7 (p?f;)' (,ufnﬁlwl/z)Tr ()\1)\2)\3)§1i§2jklmkmejlimiO"'ip74Hi0...ip74 (t+s+u+ 1/2)L3
where we have also normalized the amplitude by (u;ﬂ/ ml/ 2). Apart from the group factor
the above amplitude is antisymmetric under interchanging the gauge fields . So the whole
amplitude is zero for abelian gauge group. The amplitude also satisfies the Ward identity,
i.e., the amplitude vanishes under replacing each of & — k*. Since (t + s +u + 1/2)L3 has
no tachyon/massless pole, the amplitude has only contact terms. The leading contact term
is reproduced by the following coupling:

B, (2ma/ ) Tr (Cpy A F AF A DT) (3.5)

and the non-leading order terms should be corresponding to the higher derivative extension
of the above coupling. This coupling is exactly given by the WZ terms (1.2) after expanding
the exponential and using the multiplication rule of the supermatrices [4].



3.2 p=n-—1 case

The next simple case to consider is p = n — 1. Only A3 in (2.12) is non-zero for this case.
The trace in this amplitude is:

Tr <H(n)Mp> = HEZO ZpHiO...ip

Substituting this trace in Ag, one finds

321 o
.AAATC = :F(pTzl)!(ﬂ/,ué)ﬂl/Q)TI‘ ()\1)\2)\3)620'“2”Hi0...ipL3{ — t(k‘gfl)(k‘gfg) (36)

+(k:3.§2)(k:2.£1)<5+i> + (ks.&xkl.fz)(u%) + 568 <“+ i) <+i>}

where we have also normalized the amplitude by (3’ ,U,;)?Tl/ 2). The amplitude satisfies the
Ward identity and it is symmetric under interchanging the gauge fields. So the amplitude
is non-zero even for abelian case.

All terms in (3.6) have tachyon pole in the (s + t + u)-channel and infinite contact
terms. We consider only the tachyon pole and show that they can be reproduced by WZ
coupling C, A DT and the higher derivative two-gauge-two-tachyon couplings that have
been found in [21].

To this end, consider the amplitude for decaying one R-R field to two gauge fields
and one tachyon in the world-volume theory of the non-BPS branes which is given by the
following Feynman amplitude:

A = V(Cp, T)GP(T)VP(T, Ty, Ay, As) (3.7)

where the tachyon propagator and the vertex V*(C,,T') are given as

5043
af T — ¢
G ( ) (271'0/)Tp(—k2—m2)
VCHT) = 208 (2mel) g5y Higi, T (A7) (3.8)

In above vertex, Tr (A%) is non-zero only for abelian matrix A%. The vertex V(T Ty, Ay, As)
can be derived from the higher derivative of two-gauge-two-tachyon couplings [21] (equation
(29) of [21]). They are the higher derivative extension of two-gauge-two-tachyon couplings
of the tachyon action (1.3). Using the fact that the off-shell tachyon is abelian, one finds
the vertex V3(T, T3, Ay, As) to be

QiTp(ﬂ'O/)(O/)Q-Fn-’_m(an’m + bmm)Tr (Al)\g)\gAﬁ) |:— t(kg.gl)(kg.gz) + (kg.fg)(k)g.fl) <8+%>

+(k3.£1)(k1.£2) <u+i> + %(51-52)<u+%> <S+i>} <(k33'kl)"(k‘:s'k2)m+(1€3'k1)"(k31'k?)m
+(k-k2)™ (k-k1)" + (k1-k)" (k3 -k1)™ + (k3-k2)™ (ko k)" + (k-k2)" (k1-k)™ + (k3-k2)"
< (k1 kg™ + <k3-k2>"<k2-k>m) (3.9)



where k is the momentum of the off-shell tachyon. There are similar terms which have
coefficient Tr (Ag A1 A3A?). Some of the coefficients an,m and by, ,, are [21]

ap,0 = —%2, bo,o = —71T—: (3.10)
a0 = 2¢(3), apq =0, bo1 = b1o = —((3)

a1y = aga = —77/90, ago = —4r*/90, bi1=-71/180,  boa=byo=—n"/45
a12 = a1 =8¢(5)+47°¢(3)/3, aos =0, azo = 8¢(5),

bos = —4¢(5), b1 = —8¢(5)+27°¢(3)/3

and by, ,, is symmetric.

Now one can write ki-k = ko.k3— (k?+m?)/2 and kok = k1.k3 — (k*+m?)/2. The terms
k? + m? in the vertex (3.9) will be canceled with the k% + m? in the denominator of the
tachyon propagator resulting a bunch of contact terms of one RR, two gauge fields and one
tachyon in which we are not interested. Ignoring them, one finds the following tachyon pole:
eoin [, >

0---ip m . In m_Im
DI + L) T ArAzds) > <(“nvm+bn,m)[8 u" 4 "]

—327To/2ﬂ',u;,

n,m=0

x| = t(ks.&2)(ka-&1) + (k2.61)(Kk3.82)s" 4 (k1.€2) (kz.E1)u’ + (51-52)%1/8']) (3.11)

where ' =u+1/4 = —a'ky-ks and s’ = s+ 1/4 = —a’k;-ks. The above amplitude should
be compared with the tachyon pole in (3.6). Let us compare them for some values of n, m.
For n = m = 0, the amplitude (3.11) has the following numerical factor:

—T —T

2 2
-8 boo) = =8 — + — ) = 2x?
(ao,0 + bo,o) ( 5 12) ™

Similar term in (3.6) has the numerical factor (27%¢g ) which is equal to the above number.
At the order of o/, the amplitude (3.11) has the following numerical factor:

—4(a10 +aoy +bro+bo1)(s' +u') =0

Similar term in (3.6) is proportional to 72cy o(s + u + 1/2) which is zero. At the order of
(a')?, the amplitude (3.11) has the following factor:

—8(@171 + b1,1)(8,)(ul) — 4(@072 + a0+ b2+ bQ,o)[(Sl)Q + (u')Q]

4 2 4
_ %(25/1/)_{_%(5/2_'_1/2)

Similar term in (3.6) has numerical factor 72cy 1(2s'u’) + 7% (c2,0 + co.2)(s"? + ©'?) which is
equal to the above factor using the coefficients (3.4). At the order of a3, this amplitude

has the following factor:

—4(as0 + aos + bos + b3p)[(s) + ()] — 4(ar1,2 + ag,1 + bra + ba1)[(s) () (s + )]
= —1672(3)s"u' (s + u')

,10,



which is equal to corresponding term in (3.6), i.e., 72(co3 + ¢30)[(s")> + (v')3] + 72 (ca1 +
c1,2)s'u/ (' +u'). Similar comparison can be done for all order of o’. Hence, the field theory
amplitude (3.11) reproduces exactly the infinite tower of the tachyon pole of string theory
amplitude (3.6). This indicates that the momentum expansion of the amplitude C AAT is
consistent with the momentum expansion of the amplitude 7T AA found in [21].

3.3 p=n+1 case

We finally consider the case p = n + 1. Only As in (2.12) is non-zero for this case. The
trace in this amplitude is:

Tr <H(H)MPP2J> = i%elo---@p—Qleio“'ip*2

Substituting this trace in As, one finds

32 i
AMTC B 2T AN ] (2 b, s,

(p— 1!
—2ky &k, E1iy + 2k1.82800,_ k2i, + 2K 8182, ki, — t€10,82i,_4
+2§1-§2k‘1i,,k32zp_1>lz1 + < — 2k3.&1kai, 4 &2i, Lo — 1 < 2) } (3.12)

where again we have normalized the amplitude by (,U,;Blﬂ'l/ 2).  Apart from the group
factor the amplitude is antisymmetric under interchanging the gauge fields, so the whole
amplitude is zero for abelian gauge group. The amplitude satisfies the Ward identity. The
first six terms have contact terms as well as massless pole in t-channel and the last two
terms in (3.12) have contact terms as well as tachyon poles in s-channel and u-channel.
We are going to analyze all order of the tachyon/massless poles and the leading order and

next to the leading order contact terms in this section. Let us study each case separately.

3.3.1 Tachyon pole

We first consider the tachyon pole. Replacing (3.3) in above amplitude, one finds the
following tachyon poles:

39 .
AAATC _ :F(p ] (27T3/2)(M;5/7T1/2)Tr (A1 A2A3) Hig.oviyy €077 (3.13)
(4 1/4)m (s + ¢4 /4
% Z bn< Y (k3-&1)k2i,_1 &2, — wt1/4 (k3.£2)k1i,_ 14,

n=-—1

and some contact terms that we consider them in section 3.3.3. Since (3.13) is antisym-
metric under interchanging 1 < 2, we consider only the first term. This term should be
reproduced in field theory by the following Feynman amplitude:

A = V(Cpg, Ay, T)G*(T)VO(T, T3, Ay) (3.14)

where the vertices can be found from the standard nonabelian kinetic term of the tachyon
and from the higher derivative extension of the WZ coupling C,_2 A F' A DT found in [4]

— 11 —



(equation (16) of [4]), i.e.,
VAT, T3, Ay) = iT,(2ma’) (ks — k).£1Tr (A3 AP)

(2ma’)?
(p— 1!

Eio...ipHiO~~.’ip*2k27:p*l52“7 Z bn(a,kQ : k)n+1Tr (A2A%)

n=-—1

V(Cpn, A9, T) = 245

where k is the momentum of the off-shell tachyon. Note that the vertex V&(T, Ty, A;)
has no higher derivative correction as it arises from the kinetic term of the tachyon. The
amplitude (3.14) then becomes

I
(p=D(s +3)

0 O/ n+1 o
X Z bn<3> (t+u+1/4)"

n=-—1

A= 4,u;)ﬁ'(27ro/)2 Tr ()\1)\2)\3)€i0“.ipHi0...l'p_2k2ip_1£2ip (k‘ggl)

which is exactly the tachyon pole of the string theory amplitude (3.13).

3.3.2 Massless pole

We now consider the massless pole. Replacing the expansion of L into (3.12), one finds
the following massless pole in t-channel:

2
JAATC _ 32,5

7t(p — 1)' Tr ()\1)\2)\3)Hi0...ip,2Giomip Z bn(u + s+ 1/2)n+1 [2/{:2.51]{22‘17152%

n=-—1

—2ky.§2k1i,_, &1y, + 2k1.82810,_, K2i, + 2k2.8182i, ki, + 251-§2k1¢pk2zp_1} (3.15)

and some contact terms that we consider them in section 3.3.3. In field theory, the massless
pole is given by the following Feynman amplitude:

A = Vi(Cpos, T5, A)G4(A)V] (A, Ay, A) (3.16)

The vertices and propagator are

Vi(Cpa, T3, A) = 21,8 (2mc)*

€ iy oKy Y bul0'ks - K)" T (A3A%)

(p—1)! et
V3(A, Ay, Ag) = —iT,,(2ma/)* Tr (M Ao Ag)[€] (k1 — K)o + &3 (k — ko) &1 + &1.Ea(ka — k1)
i _ibap0Y
Carl D= Gra P,

where k is momentum of the off-shell gauge field. Here again the vertex V,!(C,_2, T3, A) has
been found from the higher derivative extension of the WZ coupling Cj,_o A F' A DT' that
has been found in [4]. Note again that the vertex Vﬁj (A, A1, As) has no higher derivative
correction as it arises from the kinetic term of the gauge field. Replacing them in the

- 12 —



amplitude (3.16), one finds

A= (277@’)2%40"'“"”H‘ i o Tr (A1 A2A3) io: b (g’)nﬂ(s bt 1/2)mH
(p— 1)t e =\ 2
X (2(/€2-§1)k11‘p,1§21‘ — 2(k1.82)k1i,_, §10 — 2(k1-E2)kai,_, E1i + 2(ka.§1)Eik2i,
—2(51-52)k1ip_11€2z> (3.17)
where we have used > )\%)\gl = 0;,05. This is exactly the massless pole of the string

theory amplitude (3.15). This indicates that the momentum expansion of the S-matrix
element CAAT in this paper is consistent with the momentum expansion of the S-matrix
element C AT found in [4].

3.3.3 Contact terms

Replacing (3.3) into (3.12), one finds the following contact terms at leading order and next
to the leading order:

2

32 ind ™
_AAATC = :F(p — 1)! (M;) /7T2)TI‘ ()\1)\2)\3)[’[2‘0...2‘;7726 0 p{&z‘p&z‘pl - ? <2k2-§1k2ip1§2ip

—2ky &k, &0, + 2k1.82800,_ k2i, + 2k2.8182i, ki, — t€10,82i,_,

2
T
+2§1-§2k1z‘pk2z‘pl> {t +2(s+u+ 1/2)] + 5 S, (s ut 1/2)?

2
+ <§k3-£1k2ip_1£2ip |:2(7f +u + 1/4) + s+ 1/4:| — [1 — 2]> } (318)
The first term is reproduced by C AAT coupling of the following gauge invariant coupling:
26 1), (2mc)*Tr (Cp—y A F' A DT) (3.19)

which is exactly given by the WZ terms (1.2) after expanding the exponential and using
the multiplication rule of the supermatrices [4]. The other terms in (3.18) should be related
to the higher derivative extension of the above coupling. However, there are many other
higher derivative gauge invariant couplings which have contribution to the contact terms
of the S-matrix element of CAAT. Comparing them with the string theory contact terms
(3.18), one can not fix their coefficients uniquely. One particular set of higher derivative
gauge invariant couplings that reproduce the contact terms in (3.18) are the following:

1 3i 3i
— =B Hp(2ma)!| = iDFuu D FysDeT + EZFacDaFﬁbDaDﬁT - EzDangFacD“DﬁT
1 1
—§DaDaDchaD5DﬁT + F,u D D*D3DyD.T — §DQD°‘D5DBFMDCT

1
+Dy D Fuo D° D DT + 4D Dy D.Fp Do DPT — §DaFa5DbDO‘DﬁDCT
—~D,D’DgD, . Fyo DT + 2Dy D*DPF,,DsD.T 4+ D*D, D .Fg,D’D,T

1
+D,D’DgFy D*D.T + §DBD“D5DCFaanT
1

1
—§DaDﬁFabDaDﬁDcT MCZ‘O...%_S

ig-++ip—3abc
EO p—3

(3.20)
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where D, T = 9,T — i[Ay, T]. Among the couplings in (3.20), only the last coupling has
non-zero on-shell CT A coupling. This coupling has been found in [4] from the S-matrix
element of one RR, one gauge and one tachyon vertex operators. This coupling has been
also used in the previous section to verify that the tachyon/massless poles in (3.12) are
reproduced by the higher derivative couplings in field theory. All coupling in (3.20) are at
(a’)* order. The next order terms should be at (a/)® order, and so on.

As we have mentioned in the Introduction section, the WZ couplings can also be found
using the BSFT. In that framework, it has been argued in [2] when the RR field is constant,
there is no higher derivative correction to the WZ couplings. So one may expect that the
above higher derivative WZ couplings should be zero for constant RR field. However, as
we have mentioned before, the above couplings are valid when p;p’ — 1/4. So they can
not be compared with the p;p’ = 0 result of the BSFT.
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